Infinite Series 


Exercise Set 9.1 
1 


1. (9) ga () © 7S @) =o 

2. (a) (-ry4: (-r)" (b) =r)"; (1) 

3. (a) 2,0,2,0 (b) 1,-1,1, 

4, (a) (2n)! (b) (2n = 1)! 

5. (a) No; f(n) oscillates between +1 and 0. (b) —1,+1,—1,+1,—1 (c) No, it oscillates between +1 and 1 


6. If n isan integer then f(2n + 1) =0. 


(a) 0,0,0,0,0 (b) b, =0 for all n, s0 the sequence converges to 0. (e) No, it oscillates between +1 and 0. 


2/4, 3/5, 4/6, 5 


lim_ —“ = 1, converges 


8. 1/3, 4/5, 9/7, 16/9, 25/11, = +00, diverges. 


9. 2,2,2,2,2,.. lim 2 = 2, converges. 
10. Ini, Ind, In 4, n=, Int lim_In(1/n) li 
. Ind, Int,In2,In+,In+,...; lim In(1/n) = —00, diverges. 
carr er ae ee diverges. 
Inl n2 In3 In4 Ind L + ‘é Ing 
qa, BE, BE, BE Es tim 22 = tim - =0 (apply L’Hépital’s Rule to — ), converges. 
Ua ga wee a a : 


12. sinm, 2sin(w/2), Ssin(x/3), 4sin(n/4), Ssin(n/5),...5 im msin(x/m) = Tin ae but us 
nets nico 1/n 


1g L'Hospital’s 


: sin(m/a) 
rule, Jim S04) _ 
rio Aft 


80 the sequence also converges to 7. 


13. 0,2,0,2,0,...; diverges. 


net 
14. 1, -1/4, 1/9, -1/16, 1/25,...; lim —— = 0, converges: 
atten? 
15, —1, 16/9, —54/28, 128/65, —250/126,...; diverges because odd-numbered terms approach —2, even-numbered 
terms approach 2 
137 
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16.1 1, 3/8, 4/16, 5/3: L'Hospital’s rule, lim 2 d 0, 80 th r 

» 1/2, 2/4, 3/8, 4/16 '32,...; using L’Hospital’s rule, im == lim = 0, so the sequence also converges: 

Racer rtteo 27 ~ 2ttoo 2In2 ; 5 


to 0. 


1 
5(1 + 1/n)(1 + 2/n) = 1/2, conver 


lim_(7/4)" = 0, converges 


19. e-!, de~?, 9e~3, 16e~4, 25e~%, ...: using L’Hospital’s rule, | 0, 
so lim _n?e~" = 0, converges. 
n++00 - 


—n) = lim 
n+00 Vn 


= lm ————= 


, (8/6)°, , converges because _ lir 


so lim 


22. -1, 0, (1/3), (2/4)4, (3/ ; let y = (1— 2/x)*, converges because = 
lin 375 7 2 tim (1 —2/n)" = tim y =e? 
an-1)7* 2Qn-1 
23. { = \ lim ““— = 1, converges 
shoe On 

=1 
24, =0, converges. 

0 

aol 
25. { tim DO" ~ 0, converges 
i. BR 8 


26. {(-1)"n}*2°; diverges because odd-numbered terms tend toward —oo, even-numbered terms tend toward +9 


to 0. 


; 1 to 
--— the sequence com 
n n+l), 


lim 3/2"~' = 0, converges. 
n-bt90 


29. {vn+1- vn 


sais a =< (nt1) = (n +2) 
converges because lim (vn+1-Vn+2) = lim ) 
nthe note Vn 1+ Vn 


= lim 
norto0 


30, {(-1)"*1/3"*4 ~1)"+1/3"*4 = 0, converges. 


31. ‘True; a function whose domain is a set of integers 
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32. False, e.g. dn = 1—1nybn =n—-1 


33. False, e.g. a, = (-1)". 
34, True. 
l 
35. Let an =0,bn = cn = =; then ay ay lim dn = lim en =0,80 Tim by = 0. 
i nat Pao = nas a Bos 
3\" aan\" 
36, Let a, =0,bn = tn = (3) ; then (for m > 2), @n < bn < (4+) =n; 
d 2n 
lim dn = lim en =0, 80 lim bn = 0. 
+1 even 
37. ay = oscillates; there is no limit point which attracts all of the a. bn = cos; the terms lie all 


| -1 koaa 
over the interval |-1, 1] without any limit. 


38. (a) No, because given N > 0, all values of f(x) are greater than N provided x is close enough to zero. But 


certainly the terms 1/n will be arbitrarily close to zero, and when so then f(1/n) > N, so f(1/n) cannot converge. 
(b) f(x) = sin(a/x). Then f = 0 when x = 1/n and f 4 0 otherwise; indeed, the values of f are located all over 
the interval [~1, 1]. 


2 5 ay = ) 
39. (a) 1,2,1,4,1,6 (b) an { neven 1/(n+1), neven 


jn 
nodd ea -{ 1/n, nodd 


(a) In part (a) the sequence diverges, since the even terms diverge to +90 and the odd terms equal 1; in part (b) 


the sequence diverges, since the odd terms diverge to +00 and the even terms tend to zero; in part (c) _ lin 


ay =0. 


40. The even terms are zero, so the odd terms must converge to zero, and this is true if and only if lim 6" = 0, or 
1-06 


0 <b <1 (bis required to be positive) 


1 z a 
41, lim 2ny1 = 5, lim (* + +) or L= 202— 1? -a=0, L = Va (we reject — Va because x), > 0, 


n rn 
0). 


thus L > 
42. (a) anyi = VOT, 


(b) lim any1= lim YOFa,, L=V6+L, L?-L—6 =D, (L—3)(L +2) =0, L = —2 (reject, because the 


terms in the sequence are positive) or L=3; lim a, = 3. 


43, (a) a, = (0.5)?, ag = a? = (0.5)" 


im ayn = lime?" ™-5) = 9, since In(0.5) < 0. 


(d) Replace 0.5 in part (a) with ag; then the sequence converges for —1 < ag < 1, because if ay = £1, 
for n > 1; ifay = 0 then dy = 0 for m > 1; and if 0 < ag] < 1 then ay = aj >Oand tim ay = | im ¢ 


This same argument proves divergence to +00 for |a > 1 since then Ina; >0 


hen a, = 1 
Minar 9 


since 0) < a < 


44. f(0.2) = 0.4, f(0.4) = 0.8, (0.8) = 0.6, (0.6) = 0.2 and then the eyele repeats, so the sequence does not 
converge. 
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0 
1 
45. (a) 0 
Ssicahace mencouand 
(b) Let y = (2" +3")! Sins PUMA IN = ae ymin 2+ ing 


a a rato (2/37 +1 
In3, so lim (2"+3")!/" = el"! = 3. Altemate proof: 3 = (3")/" < (2 43")l/" an)iin =3 
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30 
oN ee 5 
45. (a) 0 
In(2* +3") 2" In2 +3" n3 (2/3)? n2+n3 
0 Pa as y= lim = = = 
(b) Let y = (27 + 3°) Iny = lim - le 3p im are 


47. 


48. 


49. 


‘ 1 
. Let f(e) = 1/(+2),0<2< 1. Take Ary = 1/n and rj = k/n then a = > Tem => 
n 
P 


(2/ 
In3, so lim (2"+3")!/" =e!"* = 3, Alternate proof: 3 = (3")!/" < (2"4+3")/" <(2-3")/" =3-21/", Then 


apply the Squeezing Theorem, 


1 1 
so lim on= [ —ae=ina+x)] =m 
Jol 


(a) Ifn > 1, then ay, =lt+ 


Anta On 44 


= Gy41 + Gp, 80 


(c) With L = lim (an42/ans1) = jim (@n41/an), L = 141/L, L2-L-1=0, L = (1+ ¥5)/2, so 


L = (1+ V5)/2 because the limit cannot be negative. 


1 ifn > 1 

n 

(a) (b) 1/e=1/0.1=10,N=11. (ce) 1/e=1/0.001 = 1000, V = 1001 
au = <cite> ye n> if 1 

nt n+l 


(a) 1/e—1=1/0.25-1 
N = 1000. 


N=4, (b) 1/e—1=1/0.1-1=9,N =10. (c) 1/e~1=1/0.001—1=999, 


50. (a) |; -( 2 = < cif n> 1/e, choose any N > 1/e 
(b) | us i|- | eins Yle~ choco ony NS e—1 
n+l nl 
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3. Qnt1 — Gn = 
Asad te= a \ -su- “cho <0 for n > 1,80 strictly decreasing, 
Exercise Set 9.2 441 
Be dng — Gy = (n +1 —2"*") — (n= 2") = 1-2" <0 for n> 1, so strictly decreasing 
6. On41 — Gy = [(n +1) — (n +1)?] — (n— nn?) = -2n < 0 for n > 1, so strictly decreasing, 
7, Gtr _ (a +1)/@n +3) _ (n+ ent HL 1? +30 ofl tiene ab dttlctiy inetensing 
Gn nj(an+ 1) n(an+3) 72 +3n 
8. — =] ae , a a = 14+ poy > Hor n> 1, s0 strictly increasing 
9. set (n+ a OY = (14 1/n)em? <1 for n > 1, so strictly decreasing 
ort! (ny! 10 


1. 


= <1 for n> 1, so strictly decreasing 


1" ~ Qn+2)2n+1 


an (Qn 


7 nije onl i 
ing _ (n+1) = @+)" _ (141/n)" > 1 for n> 1, so strictly increasing, 


On (Dl ne me 

ga, eet OT 8 ot fen 1, wostrictly decreasing. 
a, QAP Be BAT 

13. True by definition 

14, False; either an41 < aq always or else an41 > aq always. 

15. False, e.g. am = (—1)" 

16. False; such a sequence could decrease until agoo, €.8. 


17. f(x) =2/(2x+1), f(x) = 1/(2x + 1)? > 0 for « > 1, so strictly increasing. 


Inf +2 Ine +2 
18. fle) = +) prey i=in +2) 


= = a <0 for > 1, so sirietly decreasing. 


19. f(x) =tan-! x, f(x) =1/(1+22) > 0 for > 1, so strictly increasing, 


20. f(x) = ae", fl(x) = (1— 2x)e~™" < 0 for x > 1, so strictly decreasing, 


f'(z) =42 —7>0 for x 


so eventually strictly increasing. 


<0 for x > 4, so eventually strictly decreasing, 


gg, Geet (+1)! 3" _ ntl 
3 


@y, 


24, f(v) =a°e-*, f(x) = a4(5 — x)e-* <0 for x > G, so eventually strictly decreasing. 


25. Yes: a monotone sequence is increasing or decreasing; if it is increasing, then it is increasing and bounded above, 
t converges; if decreasing, then use Theorem 9.2.4. The limit lies in the interval [1,2] 


so by Theorem 


in which case, by the argunient in part (a), its limit is <2. If the sequence is also 


26. Such a sequence may conver 
increasing then it will converge. But convergence may not happen: for example, the sequence {—n} 5 diverges. 
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27. (a) v2, ¥2+ 


2, and so on indefinitely 


(b) a) = V2 <2s0 ay = V24a < V242 ay = V2 Fa) < V242 


(©) a1 — ay = (2 +n) — ay, = 2+ Oy — Gy, = (2 ~ a)(1+ Gn) 
(d) a, > 0 and, from part (b), a, <2 s0 2—a, > 0 and 1+ a, > 0 thus, from part (c), a24, — a2 > 0, 


On41 — An > 0, Qn41 > An; {an} is a strictly increasing sequence. 


(e) The sequence is increasing and has 2 as an upper bound go it must converge to a limit Ly lim anya = 


lim, VF aq, L = V24E, L?—L—-2=0,(L—2)(L+1) =0, thus lim ay = 2 


0 for @ 


28. (a) If f(x) *) and f'(w V3; the minimum value of f(x) for 


x > Vis f(V3) = V3. Thus f(x) > V3 for x > 0 and hence a, > V3 for n> 2. 


(x +3/a), then f’ 


(b) nya — an = (3 — 02)/(2an) <0 for n > 2 since an > V3 for n > 2; {an} is eventually decreasing, 
, ; 1 
(c) v3 iis lower bound for a 0 {an} converges; lim anya = lim 5(6n+3/an), b= 
L=y¥3. 
1500 3750 75000 
29. (a) 2 =60, 22 = 2 ¥ 214.3, 23 = w 288.5, ay = A ~ 208.8 
7 13 251 
" RK 10-300 . x * 
(b) We can see that nit = FRG = Goof po! HO < tn then clearly 0< tng1- Also, if sy < 300, 
0 0 
then tyq1 = a = < FECES = 300, so the conclusion is valid. 
Zin RK 10-300 10 - 300 ; 
(co) tt = - atlas = 1, because ay < 300. So x, is increasing. 


te  K+(R—Man 30049x, ~ 3009-300 


(d) 2, is increasing and bounded above, so it is convergent. The limit can be found by letting L = 


this gives us L = K = 300. (The other root, L = 0 can be ruled ont by the increasing property of th 


2 RK $e _ RE RK 
30. (@) Again, tes = GT ap 80 fae > then tras = FE > ER EST) 


conclusion is valid (we only used R > 1 and K > 0). 


Trt _ RK RK _ — cae 
() St = ep trayas < EECA = hh berause ay > K. $0 ay is decreasing 
(©) tp is decreasing and bounded below, so it is convergent, The limit ean be found by letting L = pee 


this gives us L = K, (The other root, L = 0 can be ruled out by the fact that x, > K.) 


(b) any /an = |2|/(n +1) <1 ifn > [2] —1 


(c) From part (b) the sequence is eventually decreasing, and it is bounded below by 0, so by Theorem 9.2.4 it 
converges. 
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32. (a) The altitudes of the rectangles are Ink for k = 2 to n, and their bases all have length 1 so the sum of 
their areas is n2 + n3+ +Inn = In(2-3-...-) = Inn!. The area under the curve y = Ine for x in 
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32. (a) The altitudes of the rectangles are Ink for k = 2 to n, and their bases all have length 1 so the sum of 
their areas is n2+In3+...+Inn = n(2-3+...-n) = Inn!. ‘The area under the curve y = In for x in 


mn pot 
the interval [1,n] is / Invdx, and | Inder is the area for x in the interval [1,n + 1] so, from the figure, 
1 A 


n ont 
i Ine da < Inn! < / Ine dx. 
1 A 


m i 
() [inzde = (eine ~ 2] =nlin=n+1 and [ Inedx = (n-+1)In(n +1) —n, 50 from part (a), 
th 1 


ninn—n-41 < Inn! < (m41)in(ntl)—n, eM MMH cpl c ptt HIn(ntijan gninngian ypc intl)in(ntg-n 

a 

ol 

n +i" on oh +1yti/n 
(c) From part (b), (= i< [< 4 : = — < Wal < (n » 5 
(1+ 1/n)(n +1)" (L+1/n)(n+ IV" 1 rs " 
, but and + = asin > +00 (why?), so. lim 
¢ ¢ é att hE 
33. nl> 4, lim =A = +00, 80 lim nl 
Td n—-+c0 el-1/n n—++00 
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lim s, 


Oo nd! nto 


k+l 


2. (a) s1 = 1/4,s2 = 5/16,s3 = 21/64,s4 = 85/256, sq 


core 
— 
| 
_— 
ar 
Se 
ae 
id 
i 
Ie 


(c) 1 =1/20, 52 = 1/12, 53 = 3/28, 54 = 1/8; s, : + Tims, = 1/4. 


3. Geometric, a = 1, r = —3/4, |r| 


4. Geometric, a sun = 8/9. 
5. Geometric, a = 7, r= 1/6 <1, series converges, sum = 7; 
6. Geometric 1, diverges 
444 Chapter 9 


Sy = 1/3, series converges by definition, sum = 1/3 


— =>, lim_ sy = 1/2, series converges by definition, sum = 1 


= 1/6, series converges by definition, sum = 1/6. 


12. Geometric, a = 


13. 2 
k 


14, Geometric, a = 125,r = 125/7, |r| = 125/7 > 1, diverges. 


15. (a) Exercise 5 (b) Exercise 3 (c) Exercise 7 (d) Exercise 9 


16. (a) Exercise 10 (b) Exercise 6 (c) Exercise 4 (d) Exercise 8 


17. False; e.g. a = 1/n 


18. True, Theorem 9.3.3. 


19, True. 
20. True, 
21. 0.9999... = 0.9 +0.09 + 0.009 +... = = 
0.4 
22, Odd... = 04 + 0.04 + 0.004 +... = a = 4/9. 
: «0.37 
5 + 0.87 + 0.0037 + 0.00003 =h+ Toon 2+ 37/99 = 532/99. 
ie 0.00014 44663 
24, 0.45114 1414... = 0.451 + 0.00014 + 0.000014 + 0.000000014 +... = 0.451 + = ; 
1—0.01 ~ 99000 
4 a 0.9 (10-" 
25. O.ara2...dn 9999... = Oaraa..- an + 0.9 (107) + 0.09 (10) +... = Quarta... dn + Hz = Oana... ttn + 
107" = O.ayag... (a, +1) = 0.a,a9... (a4, +1) 0000 
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26. The series converges to 1/(1 — x) only if -l<a <1. 


3 3 3 f3\* 3\° 
= 10+20(2)+420(2) +20 (3 = 104 
Try lo 10 » (3) +20 (3) +20 (2) i 104 


20(3/4) 
3/4 


27. d=10 


= 10+60 = 70 


meters. 


1 
28. Volume = 1° + G 


1 2 3 
29. (a) S =In5+in5+inz+ 


= -In(n +1), lim_ s, =—00, 
n+1 norte 
series diverges. 


2 a1 (k 
(b) In(l ~ 1/2) = nS =n at 
mi 


. k-1 k 1 2 
n= >) [in a | = (1n5 =n) + (Ing 


haa 


int n+l 
In = ri 


1 
on lim s, =In==—In2 
and then dim in = In 3 In 


if |—2| <1, |r|<1,-l<r<l 


= 2 1 
(x —3)" =1+ (#-3)+ (2-3) +...= if |r —3|<1,2<2< 

b) S3(e-3)F=1 3 3 = f |x —3| <1, 2 4 

k=0 : 

1 1 ‘ 
(c) = if |—2?|< 
1+27 
31. (a) Geometric s r= —2?. Converges for | — x2] <1, |z| <1; z : 

(b) Geometric series, a = /x. Couverges for |2/r| <1, |u| > 2; 5 = 


(c) Geometric series, a = e~*, r = e~*. Converges for |e~®| <1, e-® < 1," > 


32. Converges for | — = sina] <1, |sina| 


33. 5 27% 
sai VEFIA VR VRTIR Vk LL 1 «=>(4 1 )=(4 
VE +E Vive +1 vk Vk+1 So\ve ve+1 vi 
oe ee ee 
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1/5) + (1/4—1/6) +... + [1/n-1/(n+ 
=3/2-1/(n+1)-1/(n +2), lim. sq 


Y= (14 1/24+1/8+...4+1/n) - 


445 (447 / 762) 


446 Chapter 9 


35, sq = (1-1/3) + (1/2— 1/4) + (1/3— 1/5) + (1/4—1/6) +... + [1/n—1/(n +2)] = (14 1/241/3+...+1/n)— 
(1/34 1/44 1/5 +...41/(n +2) =3/2-1f(n tl) -1/(n +2), lim s, = 3/2. 


n-teo 


36. s,=)— 


37. 61 = > 


a+ = /2+1/ 2 
38. A; + Ag + Ag+ 1+1/2+1/4+ Ta) 
a 9 6.6 @ 0/2 _ 
39. By inspection, 5 — 4+ 5 ~ 7g t+ Tay 7 
40. (a) Geometric; 18/5 (b) Geometric; diverges. 
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7 
rT oat 


1 siege 
2. sz = 3/4 (Ex. 10, Section 9.3); 7 


9/4; with a = 4/5,r = 2/5, geometric, 


3. (a) p=3> 1, converges. (b) p=1/2< 1, diverges. (c) p=1< 1, diverges. (d) p=2/3 < 1, diverges. 


4. (a) p=4/3>1, converges. (b) p=1/4 <1, diverges. (c) p=5/3>1, converges. (d) p=x > 1, converges 


ow 


k 
L 
; the series diverges. (b) Him ( f t) = 0 £0; the series diverges. 


(c) , lim_ coshi does not exist; the series diverges. (d)_ lim = 0; no information 


ko kovto0 kl 
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= 0; no information. oo # 0); the series diverges. 


0; no information (d) lim —Y"~ =1 40; the series diverges, 
kato VE 43 
to sa ad : er ; . 5 
7. (a) = lim =In(5x+2)| =-+00, the series diverges by the Integral Test (which can be applied, 
i 2 ete 5 


1 
because the series has positive terms, and f is decreasing and continuous). 


, the series converges by the Integral Test (which 


(w/2 - tan“! 


(b) [- 4 d. li L. mes 
da = = tan”! 3¢ 

1 Tega tee gD 
can be applied, be 


es le 


juse the series has positive terms, and f is decreasing and continuous). 


3 


‘use the series has positive terms, and f is decreasing and continuous). 


1 
5 n( + a | = +00, the series diverges by the Integral Test (which can be applied, 
1 


bec 


2dx = lim —1/V4+ 2: | = 1/V6, the series converges by the Integral Test (which can 
ey 60 : : 


o) fare) 


be applied, because the series has positive terms, and f is decreasing and continuous) 


9. Y= e diverges because the harmonic series diverges. 
i 


1) |. Se cst 
G , diverges because the harmonic series diverges. 


1. 


, diverges because the p-series with p= 1/2 < 1 diverges. 


1 
12, lim =1, the series diverges by the Divergence Test, because lim uy = 14 0. 
hto0 el/h hto0 


13. 


14. 


16. 


17, 


-1) ] = +0x, the series diverges by the Integral Test (which can be applied, 
ms j 


because the series has positive terms, and f is decreasing and continuous). 


Ine 


is decreasing for a = +00, so the series diverges by the Integral Test 


x tatoo 2 


3 
(which can be applied, because the series has positive terms, and f is decreasing and continuous). 


1 
li = lim ~~ = +0, the series diverges hy the Divergence Test, because _ hi 0 
an: a FTE pay ~ FOS the series diverges by the Divergence Test, because lim ux 
+00 
/ ve de = linn = , the series converges by the Integral Test. (which can be applied, 
i = 'Hb0 


because the series has positive terms, and f is decreasing and continucus). 


lim (1+1/k)~* = 1/e 4 0, the series diverges by the Divergence Test. 
Po 
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18. = 10, the series diverges by the Divergence Test. 
1 ssa 
19. = lim 5 (tan”'x)”| = 3n*/32, theseries converges by the Integral Test (which can be applied, 
sto0 2 ke 
" " d tan x 
hecanse the series has positive terms, and f is decreasing, and continuous), since 7 = <0 
dx 1+ 
for a > 1. 
20. = the series diverges by the Integral Test (which can be applied, 
1 
because the series has positive terms, and f is decreasing and continuous) 
21. lim k? sin?(1/k) =1 40, the series diverges by the Divergence Test. 
vind 
foo : 
22. | me *de = lim = 71/3, the suries converges ‘by thé Integral ‘Test (which can be applied, 
1 art 
because «2e~*" is decreasing for « > 1, it is continuous and the series has positive terms) 
23. Tok LOl py -series with p = 1.01 > 1, converges. 
is 
to ‘ 
24, / sech®x dr = lim tanha| =1—tanh(1), the series converges by the Integral Test (which can be applied, 
J Htt00 l 
because the series has positive terms, and f is decreasing and continuous). 
1 * n . 
25. is decreasing for x > e~?, so use the Integral Test (which can be applied, because f is continuous 


26. 


27. 


28. 


* a(n)? 


0 
d 
and the series has positive terms) with a = e%, ic. “to get lim In(Inz)| = +00 if p = 1, 
ana)? tte he 
+o ifp<1 
(nx)! z 
um S22) =) oe Thus the series converges for p > 1. 


1—p Jeo 


po Pel 


If p> 0 set g(r) = x(In2)[In(In2)]”, 9/(r) = (In(n.2))?-! [(1 + nz) In(In-x) + p], and, for x > e*, g/(x) > 0, thus 


+00 ¢ 
i 
1/g(x) is decreasing for > e*; use the Integral Test with ——* ___ to get lim Infin(Ina)]|_ = +00 
z(na)[in(n a) tes : 
too fp <1, 
: fan Ena xyltry! : : : . 
if p =1, lim 1 Thus the series converges for p > 1 and diverges for 


ttHoo «Tp 


ifp>1 


Be 


[In(inx)|-” 1 
rin vine Ine 
Exercise 25. (The Integral Test can be applied, because fis continuous and the series has positive terms). 


0<p<1. Ifp<0 then 


for x > ef ao the series diverges, since / dz is divergent by 


Suppose Jo(uy + vg) converges; then so does Y[(uj. + vy) — ug], but So[(uj + ve) — ua] = vp, 80 5 vp converges 
which contradicts the assumption that > vg diverges. Suppose S>(ug — vx) converges; then so does Sy[ux — (ux 
ve)) =D ve whi 


h leads to the same contradiction as before. 


Let uy = 2/k and vp = 1/k; then both (uz + ve) and N(ux — ve) diverge; let uz = 1/k and vz = —1/k then 
Lug + vg) converges; let uz = vy = 1/k then Y>(uy~ — vy) converges. 
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29. 


(a) Dive 3)4—! converges (geometric series, r = 2/3, |r| < Land $7 1/k diverges (the harmonic 


serie: 


1/(3k + 2) diverges (Integral Test) and )~1/k*/? converges (p-series, p = 3/2 > 1). 
i=l 


(b) Diverges because 


converge (p-series, p 


+00 too 
(b) Diverges, because 2h * converges (Integral Test), and, by Exercise 25. Sar diverges. 


., ay 1 1 
31. False; if J ux converges then lim uj, = 0, so lim — diverges, so Devs cannot converge. 
uy om 


32. True; if Yo cuy diverges then ¢ #0 so Yu diverges. 


33. True, see Theorem 9.4.4 


i 
34. False. po 8 a pseries 
i= 
aw 1 1 
35. (a) CS ie -Ya= 
i=l = 
36. (a) FS = Sou and s, = Soup, then S—s, = Sup. Interpret wy, k= n+1,n+2,..., as the areas of 
i) 
inscribed or circumscribed rectangles with height u;, and base of length one for the curve y = f(x) to obtain the 
result 
x toe 
(b) Add s, = }° ux to each term in the conclusion of part (a) to get the desired result: s F(x) de < 
k=l t 


4a 
Sou < sn +| f(a) dex 
ka1 * 


37. (a) In Exercise 36 above let f(x) =—5. Then [ flax) de = 


with n+ 1 replacing n to obtain the desired result. 


use this result and the same result 


38. 


@ fe)= Gap 


Qn + 


450 Chapter 9 


1 = P , 20 
x) dx = > —tan7!(n), so 7/2—tan—! < 
(b) f(x) zo f Sle) de = 5 — tan“'(n), so 7/2 — tan(11) par. 


2—tan~!(10). 


toe ‘ , 
i f(x) dx =(n +e", so 12e7"! <> = — 810 < lle7?, 


39. (a) Let S, = )> 5 By Exercise 36(a), with f(x) = 


the result follows. 


1 


(b) A(x) ea 


n=6. 


is a decreasing function, and the smallest n such that <0.001 is 


(c) The midpoint of the interval indicated in Part ¢ is Sg + + 
74/90 = 1.08 


1.082381. A calculator gives 


40. (a) Let F(x) 


ny ntl y ; 
[ <dz =Inn and [ <de = In(n +1), uy =1, 80 In(n + 1) < 8, <1+Inn. 
z joa 


(b) In(1,000,001) < s1,090,000 < 1 + In(1, 000, 000), 13 < 81,000,000 < 15. 


In 10° = 14 91n 10 < 22 


(©) si < 


(d) > In(n +1) > 100, n > el — 1 = 2.688 x 10"; n = 2.69 x 10% 


41. 2% 


42. (a) f(x) 


[in 10 20 
[sn [0.681980 | 0.685314 


40 50 60 70 80 90 100 | 
0.686199 | 0.686307 | 0.686367 | 0.686403 | 0.686426 | 0.686442 | 0.686454 | 


0.6 


(e) Set g(n) [ L Sy aa 13, g(w) — g(n +1) < 
fe) Set g(n ( n for nm > 13, g(n) — g(w < 
g | Bal 3 VB gy g| < 
0.0005; 813 + (g(13) + g(14))/2 © 0.6865, so the sum * 0.6865 to three decimal places. 


dlc 
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All convergence tests in this section require that the series have positive terms - this requirement is met in all these 
exercises, 


1. (a) 


converges, so the original series also converges. 


mle 
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2. 


a 


10. 


i. 


» (a) 


. Compare with the divergent series }> 


(a) 


(b) 


(b) 


Ink 


1 I 
> 7 for k > 3, ys { diverges, so the original series also diverges, 


<, so the original series also diverges. 


1hT — 2k + 6K5 
p= In = = 


jin eS which is finite and positive, 


therefore the original series converges. 


P=, lim = 1/9, which is finite and positive, therefore the 


Ok +6 


original series diverges. 


Compare with the convergent series S~ ¥ p= = 1, which is finite and positive, therefore the 
original series converges. 
_ (K+ 3) 
. Compare with the divergent series , p= lim ———“*"' ___ = |, which is finite and positive, 
P 8 pO atte (ee I(t + 2K +5) : 
therefore the original series diverges. 
C ith the d t > : 1 ms li : 1/2, which is finit 
. Compare with the divergent series S* >, p= lim —; = lim : = 1/2, which is finite 
F TTR Oe Moo (Sh — Bk)VF — pv'toe (8 B/k)IA 


and positive, therefore the original series diverges 


a is finite 


ak+T /(k +1)? 
12. p= tim, ae lim As => 1. the series diverges 
13 be au It i 7 
; im = 1, the result is inconclusive 

hoo REL 
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k+1 

14, = Pace a = , the series converges 

" k+DY/(k+1)8 ks ql 
15. lim ee = lim Gppgpe = te the series diverges 

k+ AK +1 
16. p= lim = lim, we i : 2 = 1, the result is inconclusive 
dim sy cries diverges, 

18. p=_ lim k/100 = +50, the series dive 

3 oe 

Wk 
19. “— = 1/5 <\, the series converges. 
5 

20. , the result is inconclusive. 
21. Falso; it uses terms from two different sequences 
22. True, Ratio Test. 
23. True, Limit Comparison Test with vy, = 1/k? 
24, False; it decides convergence based on a limit of k-th roots of the terms of the series. 
25. Ratio Test, p= lim 7/(k +1) = 0, converges. 

’ r 1); A P : 
26. Limit Comparison Test, compare with the divergent series $7 1/k, p = lim spsq = 1/2: which is finite and 

boy toe 


27. 


28. 


is 
positive, therefore the original series diverges 


(k+1 


Ratio Test, p = ‘ lim. 1/5 < 1, converges. 


Ratio Test, p= lim (10/3)(k +1) = +00, diverges. 


29. Ratio Test, p= lim ek + 1)°9/h59 = e-! < 1, converges. 


30. Limit Comparison Test, compare with the divergent series YF L/k. 
tat 


31. Limit Comparison Test, compare with the convergent series $7 1/k°/?, p = 


4 


4 “4 
32. < a. converges (Ratio Test) so S* —— converges by the Comparison Test. 


+ k3F 


33. Limit Comparison Test, compare with the divergent series > L/k, p= - lim 
pa 4/ + 
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= 1, converges 


1, diverges. 


453 


k 


= 2+ (—1} 
converges so )> 
= 


2+(-1)* 


34, converges by the Comparison Test 
oF 


35. Limit Comparison Test, compare with the convergent si n 


> 5/k* converges so oy 


ka k 


4+ |e 


+ Jeo 
—B 


36. 


converges, 


37. Limit Comparison Test, compare with the dive 


gent series > 1/Vk, 
1 


38. Ratio Test, p= lim (1+1/k)“* =1/e <1, converges. 


In(k+1 
39. Ratio Test, p= lim “*+Y — jim —* — ~1/e <1, converges 
katt elnk kt e(k+1) 
a k+l " 1 
40. Ratio Test, p= lim S**— tim —1— =0, converges. 
+00 62h k-+00 +1 


41, Ratio Test, p= lim /A, converges. 


koto (k++ 1) 


42. Root Test, p 


tim ( k \' li - 1/ 
lim = lim —_— = 1/e, converges 
kovtoe V+ 1 hotoo (1+ 1/k)* : 


43. Diverges by the Divergence Test, because , lim 


VEInk 


44. 


+00 k3 + 3k? + 3k 


1, conver 


+1 BR” 


45. 


<> tank 
converges so} —— converges. 


Lk 
converges. 
nverg 


46. 


Ke 


AT. Ratio Test, p 


k +1) 


48, Root Test: p = 


_ink @ 
BF ay Ink 


In(k +1) 3% 1 
= + =, converges. 


AD. ag 


‘ ane 
BOsaps 2, Bg (RE » a, converges if and only if a <1. (a = 1: harmonic series) 
Fa E 
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kl k+l 
Bl. uy = GEA by the Ratio Test p= im ae = 1/2; converges 
Qk -1 1 
52. uk = = i ) by the Ratio ‘Test p= lim _ ag = 0: converges 


Ink 1 S11 ~ Ink 
@) $< pas: Lo aye converges so)" 7 converges 
i=l iat 


Ds 
= diverges so 


Tap tiverzes 


=4. Since lim, g(x) = lim_ g(x) = +00 it follows that 


a 


1/k) ~ 
4. (b) p , tim set”) =1and 5 


k diverges, so the original series also diverges. 


1 1 = cos(1/k 
cos ( ) _ (b) p= lim mais *) _ 179, converges. 


(a) If lim (a,/by) = 0 then for k > K, ay /bp 1, ay < by so Say converges by the Comparison Test 
ko ox aed 


(b) If lim (a, /b,) +oo then for k > Ky, ag/by 1, ay > by so S> ay diverges by the Comparison Test 
k=>+00 au 


in = M; apply Theorem 9.4.6 


(a) If > by converges, then set M = $7 by. Then a) +ag+...+@y < bi +be+... +b, 


to get convergence of 7 ay. 


(b) Assume the contrary, that > 6, converges; then use part (a) of the Theorem to show that > a, converges, a 
contradiction 
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Exercise Set 9.7 
1. (a) f(x) = (—1)Fe7*, £0) = (-1)*; e* & 1 — @ + 2?/2 (quadratic), e~* ~ 1 — x (linear). 
(b) f(x) = —sina, f’(r) = —cosx, f(0) = 1, f/(0) = 0, (0) = —1, cos = 1 — 27/2 (quadratic), cosa ~ 1 
(linear) 
2. (a) f' cosa, f’(x) = —sinx, f(r/2) =1, f!(r/2) =0, f"(m/2) = -1, sine © 1 — (x — r/2)?/2 (quadratic), 


10. 


. (a) f(a) = te, pe) = 


. f(x) = tana, 61° 


. f(z) = Ve, xo = 36, f(x) = 


. f(x) = aket®, £0) = ak; po(x) = 


sing ~ 1 (linear) 


1 2 - 
2-1) —5(a~1)* (quadratic), Vz 


(b) f(1) = 1, fl) = 1/2, F") = 1/43 


vay=hpra)y=-4 
7" =Ls()= 5S") =-5 


i 2 . 
(0.1)” = 1.04875, calculator value ~ 1.0488088. 


AT 1 
(b) ©= 1.1, x9 = 1, VIT=145(0.1)— 5 


. (a) cosa 1 — 22/2. 


= 0.99939077, calculator value ~ 0.99939083. 


(b) 2 = 77/90 rad, cos 2 = cos(7/90) = 1 ~ = 


= 1/3+ 7/180 rad; x9 = 77/3, f(x) = sec? x, f"(2) = 
4, f"(e) = 8V3; tanz V3 + 4(x — 4/3) + 4V3(a — 77/3)?, tan61? = tan(a/3 + 
7/180)" 80397443, 1.80404776. 


3, f'(a/3) = 


2sec? xtanz; f(7/3) = 
180) & V3 + 4m /180 + 


calculator value 


4V3 


n 1 F 9 1 mag 
2 "(x)= 7 3/2. #(36) = 6, f"(36) = pl (36) = Va 


(0.03)? 


Tg 


= 6.00249947917, calculator value  6.0024994793 


1 1 
=1—-2, po(z) = l-e+52", p3(z) = 1- tts 


par) =1 


pa(z)=1- 5 


NB: The function [2] defined for real indicates the greatest integer which is 


f(0) =D if & is even, f( (0) is alternately 7* and —r* if k is odd: pp(x) = 0, pi(x) 


aa, p(x) =x; pg(x) = 


3 eee 
22 og i= (=1)rPAT ony 
na — 0°, ma) = 12 — F Gey? 
NB: If n = 0 then [ 1; by definition any sum which runs from k = 0 to k= —1 is called the ‘empty sum’ 
and has value 0. 
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—1)'+(k 1)! 


13. 


14, 


15. 


16. 


fO(0) = (-1) (ke — 1s po(x) = 0, pi(x) = x, pa(r) = 


1 


"(-18? 
ra 


f(0) = (-I)*R; po(z) = 1, pile) = 1-2, pola) = 1-2 +27, p3(z) = 
2 ad get, Saket 
= 


f(0) =0 if k is odd, f)(0) =1 if k is even; po(z) = 1,p,(x) = 1, po(z) = 1+ 27/2, p3(x) = 1+27/2, pa(z) = 
(41 


1407/2+e/4; > 1 2h, 


FY(0) =0 if k is even, f(0) = 1 if & is odd: po(x) = 0, p(x) = x, pa(x) = x, p(x) = 2 + 2°/3!, pa(x) = 


xt 29/3; > 


=o 


1 2h 1 
Grr" 


K/2 eee sie -1)M*/2E k eve 
O(n) = { f 1)*/? (sina — keosa) Keven py = { (82k keven fatey—i0; nile = 


I&-Y/2(2cosa+ksine) k odd 0 k odd 


la (=1)* oes 
er s ken 


k=0 


0, po(r) = a7, ps(x) = 


fO(x) = (k+ xe", f(0) = 


~ 41, 
‘ee 


kat 


po(t) = 0, pi(z) = 


Po(x) = 


1) + 5(a 


pilx) = e + e(w — 1), pala) e(t —1) + =(v-1)”, psx) =e + ela 


17. f(x) = e; po(z) = e, m(x) =e + e(z - 


+6 


1 + Hla 1), pa(z) =e + e(x — 1) 4 


18. f(x) =(—1)ke~*, f(In2) = (-1)*3 


1 
5 5(e—in2) + 


1 
In2)?, ps(x) = = 


L 1 ~ (1)! 
5 qe —in2° +5 ger mayis aE (w—In2)* 
=O 
» (=1)*kY 2 
19. f(x) = TET » f(-1) = -kbs pol) = 1s pra) = -1 —(# + 1); polw) = 1 —(w +1) — (w@ +1)"; p(w) = 


—1— (+1) —(x+1)? — (w+ 1); pa(x) = -1 — (2 +1) —(@ +1)? — (2 4:1) — (ew +14 S(-Yie+ 


i= 
7 () (-1)Fk! kk! 1 1 : 1 
20. f @= Gyo “seri Pola) = pile) =; ~ 357 — 3): Pa) = 5 - 
bh De ge De aegis J 3 11 3)+ ete 
3)°s slat) = 3 — g(t —3) + go (@— 8)? - Bele — 3); mala) = 3 — Sele -3) + Ele 
4 SDE gy 
3); yar @ 3) 
= 
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k 


21. f (1/2) = 0 if k is odd, f (1/2) is alternately 7* and —7* if k is even; po(x) = pi(a) = 1, p2(x) = ps(x) = 


Oif k is even, f) (7/2) is alternately —1 and 1 if & is odd: p(x) = 0, py(x) = —(a — 7/2), po(x) 


1 
(7/2), ps(2) = ~(e—1/2) + F(a — 1/2), pa(x) = —(a— 2/2 


1)k-1(k —1)! 


23. f(1) = 0, for k > 1, 7(w) = 


1 2 1 ae 3 1 "| 
(© 1) — 5(@—1)"s pala) = (@—1) — 5(@- 1? + 5(@— 1), pale) = (@-1) — 5(@-1)? 
4 (-4)yk1 . : 
ys Ve)! 
k= ‘ 
=1)k-"(k-1)! (=1)*-\(k- 1)! 1 
24. fe) = 1, for k > 1, f(x) = | + Mp (0) = + pole) pi(t) = 1+ o(@ - 
1 1 2 1 ore ' 1 
€); po(x) = 1+ -(@ —e) — = (a—e)?; p3(x) =1+=(a —e) — 5 (a —)? + —(e —0)°, pa(z) = 1+ =(e@—-€) 
e 22 e 22 38 e 
1 1 : oo (=1)F! 
2 3 k 
galt —e)? + sale - e — Flw-e) 1+>> Fer (ee) 


25. (a) f(0) = 1.f/(0) = 2, f"(0) = —2, "(0) = 6, the third MacLaurin polynomial for f() is f(x) 


(b) f()=1,F'(1) 


f"'(1) = —2, f""(1) = 6, the third Taylor polynomial for f(x) is f(x) 
26. (a) f(0) = keg for k <n; the nth Maclaurin polynomial for f(r) is f(x) 


(b)_f'*)(r0) = Klee for k <n; the nth Taylor polynomial about x = 1 for f(a) is f(a) 


27. $0) = (—2)*; po(x) = 1, pr(a) = 1 — 2a, po(x) = 
4 
06 06 
7 
= 0 if k is odd, f)(x/2) is alternately 1 and —1 if & is even; po(«) = 1, polx) = 1- 5 (a — 1/2)", 
1 Bas il F 1 . L ’ ts 8 
— 5(e- 7/2)? + F(a — 1/2), pox) = 1- ge 7/2 = (r-12/2)' - appt - 7/2)". 
1.25 
=% 3 
“a5 
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29. f(z) = 0 if k is odd, f(z) is alternately —1 and 1 if k is even; po(x) = —1, po(x) = -1 + glen), 
1 x2 4 1 dd “ 1 a 
pale) = 1+ 5(@—7)? (a — 7)", pe(a) = -1 + su — 7)? x— a) + 
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29. fl (m) = 0 if k is odd, f)(m) is alternately —1 and 1 if k is even; po(w) = —1, pa(w) 


1 , 
pa(t) = -1+5(a— 7)? - ; 


30. 


1k -Dk pol) = 0, pi(z) = a, 


pa(z) = 


Ls 


31. True. 
32. True, ap = f (0). 
33. False, p(y) = (x0) 


Mx —o\r+! 


34, False, since M 
(n+! 


++ — < 0.00005, by experimentation take n = 
(n+1) 


0.0000 


jo+ajtt 
1_ p,(-1)| < ye ee 
pa(-1)| < ME, so want a 


calculator gives ©! = 0.367879, |1/e — pr(—1)| ¥ 0.000022. 


oM, = max| f+) (x)| = 


< 0.0005, 


pr(—-1) © 0.36785" 


37. p(0) = 1, p(x) has slope —1 at @ = 0, and p(z) is concave up at a = 0, eliminating I, II and IIT respectively and 
leaving IV. 


38. Let polar) = 2, pila) = pol) 


3(@ = 1), ps(ar) = 2— 3(@ - 1) + (ew — 1) 


39, From Exercise 2(a), pi(a) = 1+, p(x) = 1 +2 +27/2 
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3 
= 1 
(a) 1 
(b) [a 1.000 | —0.750 | —0.500 0.000 | 0.250 | 0.500 1.000 
1.000 [1.281 | 1.615 2.320 


F(a) | 0431 [ 0.506 | 0.619 
pi(x) | 0.000 2 0.500 
p2(z) | 0.500 0.625 


7.000 
1.000 


1.500 
1. 


2.000 
2.500 


(ce) fei" — (1 +a)| < 0.01 for - 0.14 < x < 0.14. 
0.01 


015 0.15 


(d) |e" — (1 +a + 2?/2)| < 0.0 
0.015 


— 0.50 < « < 0.50. 


(d) |e"* — (1 +2 + 2?/2)| < 001 for —0.50 <x < 0.50. 
o.o1s 


06 06 


=r—reosa =r(1—cosa) = ra2/2. 


40. (a) cosa = 1-0/2; x 


(b)_In Figure 
4000 


2-802 


6 let r = 4000 mi and a = 1/80 so that the arc has length 2ra: = 100 mi. Then x ~ re 


5/16 mi. 


41. (a) f(x) = & < e, |Ro(x) 
lator), so [0,0.137]. 


< 0.0005, eb? < 0.003 if  < 0.137 (by trial and error with a hand 


0.002, 
o 02 
(b) 0 
) n ) ” * 16 
42. f(Ind) = 15/8 for k even, f(*)(Ind) = 17/8 for k odd, which can be written as f'"(Ind) = 
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43. sing =2 3 + 0-a* + Ry(a), |Ra(z)| < <0.5x 10-4 if [r/o < < (0.06)'/° = 0.569, (—0.569, 0.569). 
0.0005 
os7| 10.7 
0.0005 
et 
44. M=1,cse=1- +7 + R(x), R © < 0.0005 if |ar| < 0.8434. 
‘an 
=0:0005 
_ 4608026 57600x+ 17280? 720 


45. f(r) , assume first that |:c] < 1/2, then | (x)| < 46080}:r|° + 


= Gi ne + a: 7 
(L+a?)? (1+a7)©  (1+27)5  (L+27)4 
57600|x|* + 17280|2|? + 720, so let Af = 


fl 
WY 


0,00000005 


46. f(r) = In(1 +4), f(r) = —6/(1 + 2), first assume |x| < 0.8, then we can calculate M = 6/2~! = 96, and 


96) 4 ie . 
f «) — p(x) < Fle < 0.0005 if [a] < 0.1057 


© 
] ax 


=0.0005 
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1. f(a) = (—1)ken*, f(0) = (-1) = 


463 (465 / 762) 


